ABSTRACT. Let T be a compact torus and let E * T be a generalized T -equivariant cohomology theory. We provide a systematic framework for computing E * T in the context of equivariantly stratified smooth complex projective varieties. This allows us to explicitly compute E
INTRODUCTION
Generalized equivariant cohomology theories have received considerable attention in the modern research literature. Particular emphasis has been placed on cohomology computations in the presence of well-behaved equivariant stratifications. Indeed, Atiyah and Bott [1] gave an inductive procedure for computing the ordinary equivariant cohomology of a manifold in terms of the cohomologies of the strata in an equivariant stratification. Kirwan [7] then applied related ideas to a Morse-type stratification arising from the norm-square of a moment map. A paper by Harada, Henriques, and Holm [5] subsequently broadened this Atiyah-Bott-Kirwan framework to include generalized equivariant cohomology calculations via infinite stratifications. This work was partly motivated by a desire to develop a GKM-type theory for the partial flag varieties of Kac-Moody groups.
Our paper attempts to meet two principal objectives. The first is to provide a straightforward, self-contained account of how to perform generalized torus-equivariant cohomology computations with a finite equivariant stratification of a smooth complex projective variety. While this is readily deducible from existing work, we believe it might serve as a convenient reference for other authors. More importantly, however, it provides the context for the second of our objectives-a computation of the generalized torusequivariant cohomology of a direct limit of smooth projective varieties with finitely many T -fixed points. More specifically, we will prove the following theorem.
Theorem 1. Suppose that T is a compact torus with complexification T C , and let E *
T be one of H * T (·; Z), K * T , and MU * T . Let X 0 ⊆ X 1 ⊆ X 2 ⊆ . . . be a sequence of equivariant closed embeddings of smooth complex projective T C -varieties, each with finitely many T -fixed points. If we define X to be the direct limit of the varieties X n in their classical topologies, then
as E * T (pt)-modules.
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As in [5] , our motivating examples include partial flag varieties of Kac Moody groups. While much of our work was inspired by [5] , there are some important distinctions to be made. In [5] , the authors first work in the context of a topological group G and a fairly general stratified G-space X. Among other things, they provide some conditions on the stratification which explicitly determine the generalized G-equivariant cohomology of X in terms of the cohomologies of the strata. By contrast, we deal with stratifications only in the context of a compact torus T and a smooth complex T C -variety Y. We instead try to emphasize that the task of computing the generalized T -equivariant cohomology of Y (and also direct limits of varieties Y) is especially simple.
Let us briefly outline the structure of this paper. Section 2 begins with a brief overview of T -ring spectra and how they give rise to generalized T -equivariant cohomology theories. Recognizing that our arguments make extensive use of equivariant Euler classes, we include a short discussion of complex oriented theories. Also included in Section 2 are brief descriptions of the three theories to which we will sometimes restrict our attention: ordinary equivariant integral cohomology H * T , (complex) equivariant K-theory K * T , equivariant complex cobordism MU * T . Section 3 is devoted to understanding the E * T (pt)-module structure of E * T (X), where X is a T -space filtered by smooth complex projective T C -varieties with finitely many T -fixed points. We begin with 3.1, in which Thom-Gysin sequences are used to compute the generalized T -equivariant cohomology of a finitely stratified smooth complex projective T C -variety. In 3.2, we specialize to the case where our variety has finitely many T -fixed points and is endowed with a Białynicki-Birula stratification [2] , and E * T is one of H * T , K * T , and MU * T . We conclude with 3.3, where we generalize to the case of direct limits of the varieties considered in 3.2. This results in Theorem 1.
In Section 4, we give an example of a T -space satisfying the hypotheses of Theorem 1, namely the affine Grassmannian of a simply-connected complex semisimple group.
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GENERALIZED EQUIVARIANT COHOMOLOGY
2.1. General Overview. In the interest of clarity, we will begin with a brief overview of the pertinent parts of a generalized equivariant cohomology theory. Let T denote a fixed compact torus, and define a T -space to be a compactly generated weak Hausdorff topological space X endowed with a continuous action of T . These spaces form the objects of a category C T , whose morphisms are T -equivariant continuous maps. While this is precisely the category on which we would like to define our generalized T -equivariant cohomology theories, some of our arguments will be more transparent in the framework of the homotopy category of T -equivariant spectra.
Fix a complete T -universe, namely a real orthogonal T -representation U of countably infinite dimension, such that U contains infinitely many copies of each finite-dimensional T -representation. Recall that T -spectra indexed on 1 U (see Definition 9.4.1 of [6] ) form a category, TS U . Also, there is a suspension functor Σ ∞ : (C T ) * → TS U , where (C T ) * is the category of based T -spaces. In this way, based T -spaces yield T -spectra, and we will 1 We will henceforth assume that all T -spectra are indexed on U.
2 sometimes make no distinction between a based T -space X and its suspension spectrum Σ ∞ (X). The functor Σ ∞ is one of a family of suspension functors (C T ) * → TS U . The other functors correspond to suspensions shifted by real T -representations. The first step in realizing these shifted functors is to construct a T -prespectrum out of suspensions using the equivariant analog of the sphere spectrum, then pass to a full spectrum.
Let V be a fixed finite-dimensional real T -representation, and denote by S V its one-point compactification with base point at infinity. Note that the action of T on V extends to an action on S V that fixes the basepoint. Smashing against these spheres generalizes the usual suspension process, defining a functor
We then build the prespectrum by examining subrepresentations of U. If V ⊆ W is an inclusion of finite dimensional T -subrepresentations, we define the relative suspension of a based T -space X to be
One may use this functor to define desuspensions of representation spheres
If W is another finite-dimensional subrepresentation of U, we set
and this defines a T -spectrum S α for each α in the representation ring RO(T ; U)(see [8] ).
Cohomology via spectra:
We have developed the machinery necessary to explain how generalized T -equivariant cohomology theories arise from T -spectra. Denote by hTS U the stable homotopy category of T -spectra obtained by inverting the weak equivalences in TS U . Fix a T -spectrum E, and define a functorẼ 0 T : hTS U → Z-mod by associating to each T -spectrum F the abelian group Hom(F, E) of morphisms in hTS U . One may extendẼ 0 T to an RO(T ; U)-graded functor by setting
We will be primarily interested in the underlying Z-graded functor. More explicitly, if n ∈ Z, thenẼ n T : hTS U → Z-mod is defined via (1) by setting α equal to the appropriately signed |n|-dimensional trivial T -representation. The resulting Z-graded functorẼ * T then restricts to a reduced generalized T -equivariant cohomology theory on (C T ) * , with the associated unreduced theory E * T on C T given by E * T (X) :=Ẽ * T (X + ). Here X + is the T space formed by taking a disjoint union of X and an additional base point.
We will further require that E be a commutative T -ring spectrum [8, Chapter XII] , so that our cohomology functors take values of the category CRing Z of Z-graded commutative rings. We thus have the following definition of a generalized T -equivariant cohomology theory suitable for our purposes.
Definition 1. A generalized T -equivariant cohomology theory is a Z-graded functor E *
T : C T → CRing Z resulting from a commutative ring T -spectrum E as indicated above.
2.1.2.
Additional Structure: Given a commutative T -ring spectrum E and a T -space X, the map X → pt yields a morphism E * T (pt) → E * T (X) of Z-graded commutative rings. This map can be used to make E * T (X) a module over the ring E *
T (pt).
A second consideration concerns equivariant Thom and Euler classes, and requires that we take E * T to be a complex oriented theory [3] . In more detail, suppose that ξ is a Tequivariant complex vector bundle of rank n over a T -space X, and let Th(ξ) denote the associated Thom space. There exists a T -equivariant Thom class u T (ξ) ∈Ẽ 2n T (Th(ξ)) which shares many of the properties of its non-equivariant counterpart, such as being natural under pullbacks and multiplicative over Whitney sums.
Associated to the Thom class is the Euler class, defined as follows:
Finally, one says that E * T is a complex stable ring theory if for all finite dimensional complex T -representations V, there exists a class α V ∈Ẽ
with the property that multiplication by α V defines an isomorphismẼ *
is freely generated by α V as a module over E * T (pt). We note that every complex oriented theory is a complex stable ring theory [3] .
2.2. Important Examples. Despite having discussed generalized equivariant cohomology theories in the abstract, we will emphasize three important theories: equivariant integral cohomology H * T , equivariant (complex) K-theory K * T , and equivariant complex cobordism MU * T . If E * T is one of these theories, then E * T (pt) vanishes in odd grading degrees. It follows thatẼ * T (S V ) also vanishes in odd degrees for all finite-dimensional complex T -representations V.
is free and of rank one as a module overẼ * T (pt), and it vanishes in odd grading degrees.
As much of our intuition and many of our results are formulated for the aforementioned three theories, we include a brief summary of those parts of each theory that will later prove relevant.
Equivariant Cohomology.
We denote by ET → ET/T = BT the universal principal T -bundle, characterized by the property that ET is a contractible space on which T acts freely. If X is a T -space, then the product X × ET carries a T -action and we may form the Borel mixing space
We then define the T -equivariant cohomology of X (with integer coefficients) to be
the ordinary integral cohomology of X T . Of course, H * T arises from the Eilenberg-MacLane T -spectrum [8, Chapter XIII].
The base ring of H * T is H * T (pt) = H * (BT ; Z). In fact, there is a natural ring isomorphism between H * T (pt) and Sym Z (X * (T )), the symmetric algebra of the weight lattice X * (T ) of T . Indeed, a weight µ : T → S 1 yields an associated line bundle
where t ∈ T and (α, z) ∈ ET × C. The ring isomorphism then associates to µ ∈ X * (T ) the first Chern class c 1 (
Our treatment follows that given in [11] . Recall that for a compact T -space X, K 
is naturally isomorphic to (the underlying abelian group of) the representation ring R(T ) of T . Note that R(T ) is freely generated over Z by {e µ : µ ∈ X * (T )}, where e µ ∈ R(T ) denotes the class of the one-dimensional complex
T (pt) = 0. Hence, we shall identify K * T (pt) as a Z-graded abelian group with R(T )
⊕2Z . If we multiply elements in the grading components of the latter as elements of R(T ), then this becomes an isomorphism of Z-graded commutative rings.
It will later be necessary to discuss the T -equivariant K-theory of spaces that are not locally compact. To encompass this larger class of spaces, we will define T -equivariant K-theory via its ring T -spectrum [8, Chapter XIV].
Equivariant Complex Cobordism.
Our discussion of the equivariant complex cobordism follows that of [8, 12] . As in Section 2, fix a T -universe U and let BU(n) denote the Grassmannian of complex linear n-planes in U. This Grassmannian comes equipped with a tautological line bundle ξ n → BU(n) which is well known to serve as a model for the universal complex n-plane bundle. If V is a finite dimensional complex T -representation, let ξ
For each such V, let Th(ξ V ) be the Thom space of ξ V . If V ⊆ W let W − V be the complement of V in W. By universality, the pullback of ξ W along the inclusion BU(dim R V) ֒→ BU(dim R W) is the Whitney sum of ξ V and the trivial bundle with fibre W − V, giving a map (W − V) × ξ V → ξ W and hence a map
We may thus define Th(U) to be the R(T )-indexed pre-spectrum whose V th entry is Th(ξ V ) and whose maps Σ W−V Th(ξ V ) → Th(ξ W ) are given by
The spectrification of Th(U) yields the spectrum MU T , so that if X is a T -space, we define
COHOMOLOGY AND STRATIFICATIONS
Herein we examine how to deduce the E * T (pt)-module structure for spaces which admit equivariant stratifications. When there are only finitely many strata, the process amounts to inductively adding strata and will terminate after finitely many steps. We explore this case further in Section 3.2 using a natural stratification of a smooth projective T -varieties admitting finitely many fixed points. Section 3.3 provides a generalization of Section 3.2, replacing smooth projective Tvarieties with limits thereof.
3.1. Finite Stratifications. Throughout this section let T be a compact torus with complexification T C , and assume that E * T is a complex oriented generalized equivariant cohomology theory.
Definition 2. Let X be a smooth complex projective variety on which T C acts algebraically. A Tequivariant stratification of X consists of a finite partially ordered set B and a collection {X β } β∈B of smooth T -invariant locally closed subvarieties of X satisfying
(i) X = β∈B X β , and
Fix a smooth complex projective T C -variety X and let {X β } β∈B be a given equivariant stratification. For each fixed β ∈ B, let N β → X β denote the normal bundle of X β in X and let d(β) denote its rank. The bundle N β has a T -equivariant Thom class u T (β) ∈ E 2d(β) T (Th(N β )) and associated Euler class e T (β) ∈ E 2d(β) T (X β ).
Theorem 2.
Assume that for each β ∈ B, E * T (X β ) is a free module over E *
T (pt), and e T (β) is not a zero-divisor in E
, we define a subset J ⊆ B to be open if whenever β ∈ J and γ ∈ B satisfy β ≤ γ, we have γ ∈ J. This definition has the desirable property that if J ⊆ B is open, then
is an open subset of X.
Choose a maximal element β 1 ∈ B and set J 1 := {β 1 }, an open subset of B. We inductively define subsets J k ⊆ B, k ∈ {2, . . . , |B|}, by the condition that J k = {β 1 , . . . , β k } with β k a maximal element of B \ J k−1 . By construction, J k is open for all k.
We have canonical graded E *
the second being the Thom Isomorphism (see [8] , Theorem 9.2). Using (2), the long exact sequence of the pair (X J k , X J k−1 ) takes the form
T (X β k ) is equivalent to multiplication by the Euler class e T (β k ). As e T (β k ) is not a zero divisor, the composition is injective, forcing φ to be injective. Hence (3) degenerates to the short exact sequence (4) and induction, we will prove that
for all k ∈ {2, . . . , |B|}, from which the theorem will follow. In the base case k = 2, our short exact sequence is
This sequence splits by virtue of the fact that E
. Assume now that (5) holds for some k ≤ |B| − 1 and replace k with k + 1 in (4) to obtain the sequence (6) 0
is free, so (6) splits. Hence, (5) holds if we replace k with k + 1, and our induction is complete.
Remark. The isomorphism in Theorem 2 does not respect the Z-gradings of E * T (X) and β∈B E * T (X β ). To compensate for the degree-shift of 2d(β) appearing in (4), we identify E * T (X β ) as an E * T (pt)-module with the principal ideal e T (β) generated by e T (β). This gives us an isomorphism
on the level of both E * T (pt)-modules and Z-graded abelian groups. 3.2. The Case of Finitely Many Fixed Points. In the presence of finitely many T -fixed points, the approach outlined in Section 3 can be combined with the Białynicki-Birula stratification to yield the E * T -module structure of a smooth complex projective T C -variety. More explicitly, we will prove the following theorem: For the duration of this section, we will assume that everything is as given in the statement of Theorem 3.
Lemma 1.
There exists a coweight λ : C * → T C with the property that the fixed points of the resulting C * -action on X are precisely the T -fixed points.
Proof. Choose a coweight λ such that for every w ∈ X T and weight µ : T C → C * of the isotropy representation T w X, the pairing λ, µ is non-zero. This coweight yields an action of C * on X, and we suppose that Y is an irreducible component of X C * . Note that Y is a smooth closed T C -invariant subvariety of X. By the Borel Fixed Point Theorem, Y has a T -fixed point y. Since T y Y is precisely the trivial weight space of the C * -representation on T y X, our choice of λ implies that T y Y = {0}. It follows that Y = {y}, giving the inclusion
Now, select λ : C * → T C as in Lemma 1. Given w ∈ X C * = X T , one has the smooth locally closed subvariety
The X w constitutes the Białynicki-Birula stratification [2] , a T -equivariant stratification of X. Furthermore, X w is T -equivariantly homeomorphic to the T -submodule (T w X) + of T w X spanned by the weight vectors whose weights have strictly positive pairing with λ. In particular, X w equivariantly retracts onto its T -fixed point {w} and we have a ring
T (X w ) denotes the T -equivariant Euler class of the normal bundle of X w in X, then r w (e T (w)) is the T -equivariant Euler class of the quotient representation T w (X)/T w X w → {w}. T , we simply appeal to [12] . Since the T -fixed points in X are isolated, zero is not a weight of the representation T w X/T w X w . By Lemma 2, we conclude that r w (e T (w)) is not a zero-divisor in E * T ({w}), hence e T (w) is not a zero divisor. An application of Theorem 2 then yields an E * T (pt)-module isomorphism
In particular, E * T (X) is free of rank |X T |, proving Theorem 3.
8 Theorem 3 will prove essential in extending our results to the case of direct limits of projective varieties. To realize the extension, we will require the following lemma.
Proposition 2. If Y is a smooth closed
is a free E * T (pt)-module of finite rank vanishing in odd grading degrees, and (ii) the restriction map E *
Proof. To prove (i), we will appeal to some general properties of model categories. Indeed, T -spaces form a model category in which the weak equivalences are the T -homotopy equivalences and the cofibrations are the morphisms with the T -homotopy extension property. Accordingly, we will begin by proving the following claim by induction: If w 1 , . . . , w n ∈ Y T and X w i are the associated Białynicki-Birula strata, then the inclusion
is an acyclic cofibration (ie. a cofibration that is also a weak equivalence).
For the base case, let Y w 1 ⊆ Y denote the Białynicki-Birula stratum of Y associated with w 1 ∈ Y T . One has the pushout square
of inclusions. Note that Y w 1 → X w 1 is an acyclic cofibration. Since the pushout of an acyclic cofibration is itself an acyclic cofibration, it follows that Y → Y ∪ X w 1 is an acyclic cofibration. Now, assume that our claim holds for ≤ n points in Y T . Given w 1 , . . . , w n+1 ∈ Y T , we consider the pushout square
X w i of inclusions. Noting that i 1 is an acyclic cofibration, the same is true of j 1 . The inclusion Y → Y ∪ n+1 i=1 X w i is then a composition of the acyclic cofibrations i 2 and j 1 , and so is itself an acyclic cofibration. This completes the induction. Setting
it follows that Y → Z is an acyclic cofibration. In particular, E * T (Z, Y) = 0, and it just remains to prove that E * T (X, Z) is free of finite rank and vanishes in odd degrees. Recall that if w ∈ X T , then X w is T -equivariantly homeomorphic to a finite-dimensional complex T -representation V w . Choose an enumeration {w 1 , . . . , w m } of X T \ Y T with the property that for all k ∈ {1, . . . , m}, the quotient of Z ∪ k j=1 X w j by Z ∪ k−1 j=1 X w j is Tequivariantly homeomorphic to the one-point compactification S Vw k . Using induction, we will prove that E * T (Z ∪ k j=1 X w j , Z) is free of finite rank for all k ∈ {1, . . . , m}, and that it vanishes in odd grading degrees.
Since Z ∩ X w 1 = ∅, the inclusion Z → Z ∪ X w 1 is a cofibration. Hence,
is free of finite rank, and vanishes in odd grading degrees. Now, assume that E * T Z ∪ k j=1 X w j , Z vanishes in odd degrees and is free of finite rank. Since the inclusion Z ∪ k j=1 X w j → Z ∪ k+1 j=1 X w j is a cofibration, we find that
is also free of finite rank and vanishes in odd degrees. Therefore, the long exact sequence of the pairs
X w j , Z) splits to give the short exact sequence
Since E * T (Z∪ k+1 j=1 X w j , Z∪ k j=1 X w j ) and E * T (Z∪ k j=1 X w j , Z) are free of finite rank, the same is true of E * T (Z ∪ k+1 j=1 X w j , Z). We have therefore proved (i). For (ii), we consider the long exact sequence of the pair (X, Y). Indeed, (i) is then seen to imply that E n T (X) → E n T (Y) is surjective for even n. Furthermore, the isomorphism (7) establishes that both E * T (X) and E * T (Y) vanish in odd grading degrees. The proof is therefore complete.
Direct Limits of Projective Varieties.
We now provide a generalization of our findings in Section 3.2, replacing projective varieties with direct limits thereof. As before, T denotes a compact torus with complexification T C , and E * T is one of H * T , K * T , or MU * T . Suppose that X 0 ⊆ X 1 ⊆ X 2 ⊆ . . . ⊆ X n ⊆ . . .
is a sequence of equivariant closed embeddings of smooth complex projective T C -varieties with (X n ) T finite for each n ≥ 0. Let X be the topological direct limit of the X n in their analytic topologies, and endow X with the induced direct limit topology. Note that X then carries a continuous action of T , and the following theorem generalizes Theorem 3: Proof. By Proposition 2, each restriction map E * T (X n+1 ) → E * T (X n ) is surjective. Hence, the inverse system {E * T (X n )} n of E * T (pt)-modules has vanishing Milnor lim ← − 1 . It follows that the canonical map E * T (X) → lim ← −n E * T (X n ) is an isomorphism [6] .
It will therefore suffice to prove that {E * T (X n )} n and { x∈(Xn) T E * T (pt)} n are isomorphic as inverse systems of E * T (pt)-modules, where the maps in the latter system are precisely the projection maps resulting from the inclusions (X n )
T ⊆ (X n+1 ) T . We will do this by inductively constructing E * T (pt)-module isomorphisms
making the diagrams
commute.
Theorem 3 yields the existence of an E
